The two matrix spectral problems of Ablowitz-Kaup-Newell-Segur (AKNS) and Kaup-Newell (KN) types associated with so(3,R) are generalized. The corresponding hierarchies of generalized soliton equations are derived by the standard procedure using the zero curvature formulation. Recursion operators and bi-Hamiltonian structures are explicitly constructed for the resulting two generalized soliton hierarchies of AKNS and KN types, which shows their Liouville integrability.
Introduction
One important and interesting topic in soliton theory is to search for new integrable systems and investigate their integrability properties. There has been a lot of work on how to generate soliton hierarchies from matrix spectral problems or Lax pairs by the standard procedure using the zero curvature formulation [1] [2] [3] [4] [5] . The celebrated examples include the Korteweg-de Vries hierarchy, the Ablowitz-Kaup-Newell-Segur (AKNS) hierarchy, the Kaup-Newell (KN) hierarchy, the WadatiKonno-Ichikawa (WKI) hierarchy, the Dirac hierarchy and the Boiti-Pempinelli-Tu hierarchy [6] [7] [8] [9] [10] [11] . Soliton hierarchies generated from matrix spectral problems often possess recursion operators and bi-Hamiltonian structures, which implies Liouville integrability. The associated bi-Hamiltonian structures can be established by the trace identity or the variational identity [12, 13] . Which identity to use depends on whether the underlying matrix loop algebra is semisimple or not. If there exist bi-Hamiltonian structures, the associated Hamiltonian pairs often generate hereditary recursion operators [14] [15] [16] [17] .
Recently, one of the authors (Ma) successfully generalized the classical AKNS and KN matrix spectral problems associated with the special linear algebra sl(2,R) to the ones associated with the special orthogonal Lie algebra so (3,R) , derived the corresponding hierarchies of commuting soliton equations and established their bi-Hamiltonian structures [18, 19] , by the standard procedure using the zero curvature formulation [12, 20] .
The three-dimensional real special orthogonal Lie algebra so(3,R) consists of 3 × 3 skewsymmetric matrices. This Lie algebra is simple and has the basis The derived algebra of so(3,R) is so(3,R) itself, and so(3,R) is one of the only two three-dimensional real Lie algebras with a three-dimensional derived algebra. The other one is the special linear algebra sl(2,R), which has been widely used in soliton theory. The Lie algebra sl(2,R) has the basis
which has the following commutator relations:
Let u = (p, q) T and denote the spectral parameter by λ. The classical AKNS matrix spectral problem reads
( 1.3) and the classical KN matrix spectral problem,
In [18, 19] , Ma generalized the above matrix spectral problems to the ones associated with so(3,R):
and φ x = (λ 2 e 1 + λpe 2 + λqe 3 )φ, (1.6) taking the same linear combination of the basis vectors. Stimulated by the generalized AKNS and KN matrix spectral problems in [21, 22] , we would like to generalize the two new matrix spectral problems (1.5) and (1.6) associated with so(3,R) similarly. Our two generalizations of (1.5) and (1.6) are
and
where α is an arbitrary constant. Obviously, the generalized matrix spectral problems (1.7) and (1.8) with the case of α = 0 reduce to (1.5) and (1.6), respectively. In this sense, we call (1.7) a generalized Ma matrix spectral problem of AKNS type associated with so(3,R) and (1.8) a generalized Ma matrix spectral problem of KN type associated with so(3,R). The paper is structured as follows. In Section 2 and Section 3, from the two generalized matrix spectral problems (1.7) and (1.8), we shall derive two soliton hierarchies and construct their recursion operators and bi-Hamiltonian structures, thereby proving their Liouville integrability. In Section 4, a conclusion and discussion will be given.
2 Generalized Ma equations of AKNS type associated with so(3,R)
A hierarchy of generalized Ma equations of AKNS type
To generate a hierarchy of generalized Ma equations of AKNS type from (1.7), let us introduce the spectral matrix
where λ is the spectral parameter, and so, the generalized matrix spectral problem (1.7) becomes
Following the standard procedure using the zero curvature formulation [12, 20] , let us first solve the stationary zero curvature equation 5) and taking initial values
the systems (2.4) leads to
which tells the recursion relations:
By imposing the conditions on the constants of integration
we can determine the sequence {a i , b i , c i | i ≥ 1} uniquely. In this way, we can computer the first few sets as follows:
Let us now introduce the auxiliary spectral problems
where P + denotes the polynomial part of P in λ and f m , m ≥ 0, satisfy
The compatibility conditions of (1.7) and (2.10) with each m ≥ 0, i.e., the zero curvature equations
Based on these systems (2.13), we can solve (2.11) to get
Therefore, upon plugging (2.14) into (2.13), we finally arrive at the hierarchy of generalized Ma equations of AKNS type:
The first nonlinear system in the soliton hierarchy (2.15) is as follows:
.
(2.16)
Bi-Hamiltonian structures and Liouville integrability of the first generalized soliton hierarchy
In order to establish bi-Hamiltonian structures, we shall use the trace identity [12] [or more generally the variational identity (see, e.g., [23, 24] for details)]:
where γ is a constant to be determined. It is direct to calculate
By substituting (2.5) and (2.18) into (2.17) and balancing coefficients of each power of λ, we have
To fix the constant γ, we can simply let m = 1 in the above equation and get γ = 0. Thus, we have
Noticing that
we find that
where
which is a Hamiltonian operator. It follows now that the soliton hierarchy (2.15) has the Hamiltonian structures:
with
It is obvious that
where the inverse operator of N −1 is given by
Then from K m+1 = ΦK m , m ≥ 0, and JΨ = ΦJ, we obtain a common recursion operator for the generalized soliton hierarchy (2.15):
where Ψ † denotes the adjoint operator of Ψ. The operator Φ = (Φ ij ) 2×2 can be explicitly computed as follows:
(2.29)
It is now a direct computation that all members in the generalized soliton hierarchy (2.15) are bi-Hamiltonian:
where the second Hamiltonian operator M is given by
with the entries of M being defined by
(2.32)
So far, we have established the bi-Hamiltonian structures and therefore proved the Liouville integrability of the first generalized Ma soliton hierarchy (2.15). Further, it follows that there are infinitely many commuting common symmetries and conserved functionals
(2.34)
Remark. By taking α = 0 for the generalized matrix spectral problem (1.7), the recursion operator (2.28) and bi-Hamiltonian structures (2.30) of the corresponding generalized soliton hierarchy (2.15) are reduced to the ones of the Ma soliton hierarchy of AKNS type in [18] .
3 Generalized Ma equations of KN type associated with so(3,R)
A hierarchy of generalized Ma equations of KN type
In the same way as shown in Section 2, we can construct a hierarchy of generalized Ma equations of KN type from the generalized matrix spectral problem (1.8), i.e.,
with the spectral matrix U being defined by
Let us first begin with solving the stationary zero curvature equation 5) and taking the initial values
we have the following recursion relations from the system (3.4):
which yields
with L being given by
By imposing the same conditions on the constants of integration as in (2.9), we can determine the sequence {a i , b i , c i | i ≥ 1} uniquely. The first two sets can be computed as
Next, let us introduce the auxiliary matrix spectral problems
where f m satisfy
Now the compatibility conditions of (1.8) and (3.10), i.e., the zero curvature equations
Therefore, based on (3.13), we can solve (3.11) to get
Upon plugging (3.14) into (3.13), we finally arrive at the hierarchy of generalized Ma equations of KN type:
The first nontrivial nonlinear system is given by The identity corresponding to m = 1 tells γ = 0. Thus, we have
Moreover, noticing that 22) we find that
with J = RN being given by
It is obvious that 25) where the inverse operator N −1 of N is given by
Then from K m+1 = ΦK m , m ≥ 0, and JΨ = ΦJ, we obtain a common recursion operator for the generalized soliton hierarchy (3.15): 3.27) where N † denotes the adjoint operator of N . The operator Φ can be expressed explicitly as follows:
Obviously, we can similarly show that all members of the generalized soliton hierarchy (3.15) are bi-Hamiltonian:
These bi-Hamiltonian structures show the Liouville integrability of the generalized Ma soliton hierarchy of KN type (3.15) . Further, it follows that there are infinitely many commuting common symmetries and conserved functionals Remark. By taking the ansatz β = 0 for the generalized matrix spectral problem (1.8), the recursion operator (3.28) and the bi-Hamiltonian structures (3.30) of the corresponding generalized soliton hierarchy (3.15) are reduced to the ones of the Ma soliton hierarchy of KN type presented in [19] .
Conclusion and discussion
In this paper, we proposed two new matrix spectral problems associated with so (3,R) , that is, the generalized AKNS spectral problem and the generalized KN spectral problem. We derived two hierarchies of soliton equations by the standard procedure using the zero curvature formulation, together with their recursion operators and bi-Hamiltonian structures, and finally proved their integrability in the sense of Liouville. The discussed two generalized matrix spectral problems and their corresponding results are reduced to the ones presented in [18] and [19] , upon making the choice β = 0. In [25] , Ma et al. successfully generalized the classical WKI matrix spectral problem associated with sl(2,R): to the following matrix spectral problem associated with so(3,R):
by taking the same linear combination of the basis matrices. However, it remains a problem how to generalize the matrix spectral problem (4.2) associated with so(3,R). We hope there will be some generalized matrix spectral problem for (4.2), which can yield a generalized soliton hierarchy as we did above.
